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Abstract 

We construct a new off-shell M=A, d=3 nonlinear vector supermultiplet. The irreducibility 
constraints for the superfields leave in this supermultiplet the same component content as in the 
ordinary linear vector supermultiplet. We present the most general sigma- model type action 
for the AA=4, d=3 electrodynamics with the nonlinear vector supermultiplet, which despite the 
nonlinearity of the supermultiplet may be written as an integral over a chiral superspace. This 
action share the most important properties with its linear counterpart. We also perform the 
dualization of the vector component into a scalar one and find the corresponding 7V=4, d=3 
supersymmetric action which describes new hyper-Kahler sigma-model in the bosonic sector. 



1 Introduction 



During the last few years it has been clarified that the nonlinear supermultiplets play an exceptional 
role in supersymmetric mechanics with extended N = 4, 8 supersymmetries. In contrast to higher 
dimensional theories, where extended supersymmetries imply Kahler or hyper-Kahler geometries 
in the bosonic sigma-model parts, the constraints on the geometry in one-dimensional cases admit 
another type of geometries - hyper-Kahler or octonionic Kahler geometries with torsion [1] - [3]. 
Moreover, only such sigma-models appear when considering linear supermultiplets. Thus, in order 
to describe another geometries in extended supersymmetric mechanics we are obliged to involve the 
nonlinear supermultiplets. 

Despite the fact that many new off-shell nonlinear one-dimensional supermultiplets have been 
explicitly constructed in superfield and component approaches in [4]- [6], it is still unclear whether 
there are any higher dimensional analogs of such supermultiplets. In the present paper we are 
going to demonstrate that at least one of the N — 8, d — 1 nonlinear supermultiplets has its N = 
4, d = 3 counterpart. In Section 2 we present the corresponding superfield constraints defining a new 
nonlinear vector multiplet and demonstrate that it possesses the same component structure as its 
linear version. When dealing with the nonlinear supermultiplets the most serious problem is to find a 
proper invariant action for them. Fortunately, for the new nonlinear vector supermultiplet the action 
has the same form as for the linear one. So, the role of nonlinearities is to deform the geometry of the 
bosonic part and the interaction terms. In Section 3 we analyse the component structure of the action 
for the nonlinear supermultiplet. In full analogy with the linear supermultiplet there is a gauge field 
among the components of nonlinear supermultiplets, which appears through its field-strength only. 
Yet, in three dimensions the gauge field is dual to a scalar. This suggests the existence of another 
N — 4, d — 3 supermultiplet which contains only four scalars in its bosonic sector. We construct such 
a multiplet and explicitly demonstrate that the bosonic geometry is of the hyper-Kahler type, as it 
should be. The observed similarity of the proposed nonlinear vector supermultiplet to the standard 
linear case raised the question which supermultiplet is preferable. We shortly discuss this situation 
in the Conclusion. 



2 N=4, d=3 nonlinear vector supermultiplet 

In this Section we perform the direct construction of the nonlinear vector supermultiplet and analyse 
its component structure. 

The key idea of our construction comes from the superfield description of the N = 8, d = 1 
supermultiplet (2,8,6) [4]. Indeed, the constraints defining this supermultiplet may be easily lifted 
up to three dimensions. So, let us define our nonlinear supermultiplet by the modified nonlinear 
chirality constraints 

D l a Z = -XZD^Z, D ia Z = XZD ia Z, A = const, (2.1) 

together with the linear reality conditions 

D?D ja Z = D ta D«Z. (2.2) 

Here, A is a constant parameter, the scalar complex superfield Z lives in a three-dimensional space 
{x a/3 } G R 3 augmented by eight Grassmann variables 9 l a , 9i a and the covariant spinor derivatives 
satisfy the following relations: 

{D i a ,D jP } = iS i j d aPl (2.3) 
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with a, P = 1,2 being the d = 3 sl(2, R) spinor indices, while i, j — 1,2 refer to the doublet indices 
of the SU (2) automorphism group. 

Before analyzing the component structure of our supermultiplet, let us note that with a natural 
dimension of the superfield \Z\ = cmT 1 / 2 the parameter A has also a nontrivial dimension [A] = cm 1 / 2 . 
Nevertheless, it is preferable to consider a dimensionless superfield Z and, therefore, a dimensionless 
parameter A. Another point concerns the value of the parameter A. If it does not vanish, it is always 
possible to pass to A = 1 by a redefinition of the superfields Z, Z. So, we are left with only two 
essential values A = 1 and A = 0. In what follows we will put A = 1. The proper, natural dimensions 
of the superfields and the A-dependence may be easily restored, if needed. 

With A = the constraints (2.1), (2. 2) describe the linear N = 4, d = 3 vector supermultiplet. 
The component structure of the N = 4 superfield Z, implied by (2.1), (2.2), is a bit involved in 
comparison with the A = case. In order to define it, let us firstly consider the constraints (2.1). 
It immediately follows from (2.1) that the derivatives D ia of the superfield Z (or D l a of Z) can 
be expressed as D l a (or D ia ) derivatives of the same superfield. Therefore, as in the case of linear 
chirality constraints, only the components appearing in 6 l "-expansion of Z and ^-expansion of the 
superfield Z are independent. Let us define these components as follows: 



z = 



A 



a/3 



D a Z, 

= DiD ip Z, 
-- D ia D{Z, 



BP 

C = D^D^D ja Z, 
X 



D*D> a DfD jfl Z, 



z = Z, 

Aa/3 = Di a DpZ, 

By = DiaD'jZ, 



(2.4) 



X -- 



- D?D jf3 DiZ, 

i),jy;iy,i)< l z. 



The right hand side of each equation is supposed to be taken upon 9 lOL = Of = 0. 

Thus, the first part of our constraints (2.1) leaves in the iV = 4, d = 3 superfields Z,Z sixteen 
bosonic and sixteen fermionic components, like in the case of the liner supermultiplet. 

Now it is time to consider the constraints (2.2). In terms of the components (2.4) the constraints 
(2.2) acquire the following form: 



B^ 



So 



By, 



3 3 

X 



-6d al3 d a(3 z + 6id a(3 (4>?4> i(} + zA al3 ) - (i/i„ < + 6A a % a fy + 
+ 3zA a pA afB - 3zBijB ij - 8z$iJ ia - z 2 X, 

X = -6d al3 d a(3 z - 6td a/3 (i; ta ij? + zA a ^ - SBij^l + 6A Q/ V Q V^ + 

+ 3zA aP A a p - 3zB ij Bij + Szip ia ^ ia - z 2 X, 



(2.5) 



and 



[l + zz)(A af3 + A af3 ) + 2i(zd af3 z - zd a(3 z) + Aip l{a ^ ] 



+ 



-(A a p - A a p) 



[l + zz){A a(3 + A aP ) + 2i{zd a(3 z-zd a/3 z) +4^ ( >f } =0, (2.6) 



d aW (A,f-A 
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The equations (2.5) impose the reality condition on and express the higher bosonic compo- 
nents X, X and fermionic ^ Q ones in terms of physical bosons and fermions and auxiliary bosons 
By, A a P. For the auxiliary bosons A a ^ we have the differential equations (2.6). In the A = case, 
which corresponds to discarding all nonlinear terms, these equations read 

d aP (A^ + A a(S ) = 0, d a((3 (A,f - A,f) = 0. (2.7) 

The first of these equations defines Re A a @ to be a field-strength of the gauge field, while the second 
one is the Bianchi identity which allows us to express ImA a/3 through a scalar field as follows: 

ImA a p = -d a p$. (2.8) 

In the A 7^ case the second of the equations (2.6) is the same as in the linear case. Moreover, 
despite the nonlinearity of the supersymmetry transformations of the components A a p 
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SA a(3 = --e\J iff) - 2^8^/3) - el^Bij + e\ a A p) ^ + -e[J m z, (2.9) 

SA a(3 = -^Jw + 2ie^d K J m - elJ^B^ + e\ a A^ + ^e\J ifi) z, (2.10) 

the imaginary part of A a/3 transforms in a linear manner and, moreover, as a total derivative 

5{A aP - A aP ) = -2id a p{e^ + e^), (2.11) 

which is quite amazing in three dimensions. This means that in full analogy with the linear case 
(2.8) we can identify 

ImA af5 = -d a p$, (2.12) 
where the new physical bosonic field $ transforms with respect to iV = 4, d = 3 supersymmetry as 

5<b = s l ^ + s l ^. (2.13) 

What is much more important is that, with the help of this new bosonic field <3>, the first of the 
equations in (2.6) may be rewritten as 



dot 



e* (^{1 + zz)ReA aP + i(zd af3 z-zd af3 z) + 2^ a ^ =0. (2.14) 



Clearly, this equation is a non-linear variant of the first of the equations (2.7). So, we will treat this 
expression as a Bianchi identity which defines a field strength T ah 

d a ^ af3 = 0, = e* ((1 + zz)Re A a ? + i{zd af3 z - zd a(3 z) + 2^ (a ^f ) ) . (2.15) 

Thus, we conclude that the constraints (2.1), (2.2) define the N = 4, d = 3 nonlinear vector su- 
permultiplet, which has the same component structure as the ordinary linear N = 4, d = 3 vector 
multiplet. The net effect of the nonlinearity of the basic constraints is a more complicated nonlinear 
structure of the higher components in the superfield Z (2.5) and the nonlinearity of the field strength 
T a<i (2.15). 
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3 The Action 



When dealing with nonlinear supermultiplets the most serious problem is the construction of invariant 
actions, especially in the case of extended supersymmetries. The source of the problems, clearly, is 
a too high dimension of the superspace measure. The way out of this problem is well known - 
one should write the superspace action as an integral over some invariant subspaces. For the linear 
N = 4, d = 3 vector supermultiplet such a subspace is a just the chiral superspace. So, the general 
sigma-model type action in this case reads 



S = k d 3 x 



d 4 9 F(Z) + / d 4 9 F(Z) 



(3.1) 



where F(Z) is an arbitrary holomorphic function. What is rather unexpected is that the action 
(3.1) is still invariant in the case of our nonlinear vector supermultiplet. Usually, if the superfields 
are not chiral, the integration over the chiral superspace fails to be invariant under supersymmetry. 
However, for the nonlinear vector supermultiplet with the constraints (2.1), (2.2), the action (3.1) is 
perfectly invariant with respect to the full iV = 4, d = 3 supersymmetry. Indeed, the supersymmetry 
transformations of the integrand of, for example, the first term in (3.1), which seems to break 
supersymmetry, read 

8F(Z) ~ t a D ia F{Z) = e ia F'ZD ia Z. (3.2) 

It is evident that the right-hand side can always be represented as a D-derivative of a function of Z. 
Hence, the variation in (3.2) disappears after integration over d 4 9 and therefore the action (3.1) is 
invariant with respect to the full N = 4 supersymmetry. 

After integrating in (3.1) over the Grassmann variables we will get the following component 
action: 



S = 



K 



d 3 x 



F( 4 ty?^«1#Vtf + 3F"' ( - A 



+ 



+ F 



" (-^4,0 + \b^b 13 - 4^6*) + F'X + 
+ F^^^ffiP + 3f w (ii" ,<„.,</; - A a ^f^) + 



(3.3) 



+ F 



+ F'X 



Clearly, the effect of nonlinearity of the basic constraints (2.1) is hidden inside the definitions of the 
components (2.5), (2.15), because the component action (3.3) has the same form as for the linear 
vector supermultiplet. 

For the sake of brevity, in what follows we will be interested in the bosonic part of the action, so 
that we will drop all terms with fermions 



S~ Jd 3 x F" ^~A a/3 A a p + l&B^ + F" (^~A al3 A a p + \^R^j + F'X + F'X 



(3.4) 



In order to reveal the nonlinear structure of the action (3.4), one should insert the expressions for 
the higher components X, X (2.5), use the definition of the field strength (2.15) and the new bosonic 
field $ (2.12), and exclude the auxiliary fields Bij by their equations of motion. Let us start from 
auxiliary fields. On a mass shell the fields B^ are expressed in terms of the fermions only, therefore 
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they disappear in bosonic limit. Now, using the explicit expressions for components X, X (2.5) and 
rewriting A a p as follows: 



e ^T a p - i(zd a(3 z - zd af3 z 



a/3* 



1 + ZZ 

we finally come to the action 



-id a(3 $, A a(3 



e ^T a p - i{zd af3 z - zd a/3 z) 

1 + ZZ 



+ id aP $, (3.5) 



S = I d 3 x <J g 



4d a(3 zd a pz + d af3 {zz)d a p{zz) - e'^T^T^ + (1 + zz) 2 d af5 <5>d aP <5> 



+2(1 + zz)d a ^d a(S (zz) + 4i (zd af3 z - zd af3 z) 

X ZZ 

+2 e-*K^(d a(3 (zz) - (1 - zz)d a p$) | , 



with the functions g(z, z) and N (z, z) defined as 



1 — ZZ 



M 



1 — 2:2: 



;H, 2 +H„-), N = -i(H,,-H )2 ). 



1 + 22; 1 + 22: 

Here, in order to make the presentation easier, we introduced the following combinations: 

F' - z 2 F' , F'-z 2 F' 



mz,z) 



1 — Z 2 Z 2 



(3.6) 



(3.7) 



(3. 



1 — z 2 z 2 ' 

Thus, we see that the nonlinearity of the basic constraints results in the modification of the bosonic 
action. The simplest way to see this effect is to consider the particular choice 

z 2 z 2 

F^, ^j, (3.9) 

which corresponds to the free action in case of linear vector supermultiplet. With these F, F the 
action (3.6) reads 



S 



3k 



" Ud^zd a ,z-A^ Z '^ z)2 



+ zz) 2 



(1-zz) 2 



+(l + zzf 



k .zd a0 z - zd a0 z 



1 — Z 2 Z 2 



(3.10) 
(3.11) 



where 

Y = $ + log(l + zz). 

Thus, even the simplest choice of the functions F, F yields a rather complicated action. 

Finally, we would like to construct the action for the dual version of our nonlinear supermultiplet. 
As usual, in order to dualize the field-strength T a p into a scalar field, one should insert the constraint 
(2.15) into the action (3.6) with a Lagrange multiplier y. Eliminating then the field-strength JF Q(3 , 
we finally get the action for the supermultiplet with four scalars 



2 1 + zz 



Ad, 



ze 



aP 



1 — ZZ 



gap 



ze 



1 — zz 



+ e 2 * d a 3$ d a ^ 



+ 



2 1 + zz 



3 (1 - zz) 3 e- 2 *M 



1 — ZZ 



d a py + 3ie M — — (zd a/3 z - zd afS z) + -(1 - zz) e N <9 Q/3 $ 

X \~ ZZ Zi 



(3.12) 



where 

$ = $ + log(l - zz). 
The explicit form of the action (3.12) suggests a new set of coordinates u, u, V, y 

u = 2ze q ', u = 2ze®, V = e*(l - zz), 

in which it acquires a standard Gibbons-Hawking form [7] 

S = k fd 3 x g {d aP ud af3 u + d aP Vd a ?V) + - (d af) y + Ad aP u + Ad aP u + Ayd^V)' 
J Q 



Here 



, 3 M(l-zz) 2 
A = -i—hz -rz, 



2 V 2 (l + zz) 



- 3 . M(l -zz) 2 A 3 N , 3 



and the metric g 



obeys to 



9 = 7;- 



3 M(l - zzf 



2V 2 (1 + zz) 
rot ~A = - grad g, ~A — (A, A, A v ) 



(3.13) 
(3.14) 

(3.15) 

(3.16) 

(3.17) 
(3.18) 



in the coordinates (3.14). 

It is evident now that this four dimensional manifold has a vanishing Ricci tensor, and the action 
(3.15) describes a hyper-Kahler sigma-model. However, the explicit dependence of the action (3.15) 
on the scalars is quite different from the case of the linear iV = 4, d = 3 vector supermultiplet. One 
of the most interesting features of the action (3.15) is the existence only one isometry, whereas, in 
the case of the linear supermultiplet, there are two isometries. 



4 Conclusion 

In the present paper we proposed a new nonlinear superfield constraint to describe the J\f—4, d=3 
nonlinear electrodynamics. The new nonlinear vector supermultiplet has the same components struc- 
ture as its linear counterpart. Moreover, the most general action for the new supermultiplet may 
be written as an integral over the chiral subspace, and thus it depends on an arbitrary holomorphic 
function, in full analogy with the linear case. The novel features of the proposed nonlinear electro- 
dynamics show up as the essential nonlinearities, which arise even in the case of the simplest choice 
for the action. 

One of the most amazing features of the proposed nonlinear vector supermultiplet is its similarity 
to the standard linear case. Indeed, the component counting, the appearance of the field strength 
among the components, the structure of the action — all these features are mimicking the correspond- 
ing structures for linear electrodynamics. So, in order to decide which supermultiplet is preferable, 
one should carry out a more subtle analysis, maybe with some specific action. In this respect, it 
seems interesting to perform a more detailed investigation of the dualized version of the nonlinear 
iV = 4, d = 3 vector supermultiplet. Clearly, after dualization we deal with a new version of a 
hypermultiplet. The geometry of the bosonic manifold is of the hyper-Kahler type, but it is different 
from the one arising after dualization of a linear vector supermultiplet. It is still unclear whether 
this new deformed geometry possesses a four-dimensional analog. Another interesting problem is to 
construct a new variant of the Chern-Simons action with the nonlinear supermultiplet. 
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Notice that in the present paper we fixed a unit value of the parameter A. In J\f—A, d—1 this 
parameter can be chosen as an arbitrary holomorphic function, parameterizing a family of super- 
symmetric extensions of the given system [8]. The nature of this parameter in d = 3 would deserve 
further investigation. 

Finally, one should mention that we have constructed our nonlinear supermultiplet within the 
framework where one of the scalars is hidden. It appears only through derivatives inside components. 
It is known that there is another formulation of the N = 4, d = 3 vector supermultiplet in the 
harmonic superspace [9], where this scalar component is manifest. It would be quite worthwhile to 
accomplish a full analysis of the nonlinear supermultiplet within this approach. 
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